We propose a new methodology for the estimation of reference intervals for data sets with small numbers of observations or for those with substantial numbers of outliers. We propose a prediction interval that uses robust estimates of location and scale. The SAS software can be readily modified to do these calculations. We compared four reference interval procedures (nonparametric, transformed, robust with a nonparametric lower limit, and transformed robust) for sample sizes of 20, 40, 60, 80, 100, and 120 from 2 distributions of 1, 4, 7, and 10 df.
The concept of a reference interval in medicine is based on determining a set of values within which some percentage, 95% for example, of the values of a particular analyte in a healthy population would fall. This interval is then used for medical decisionmaking. Recommendations on how to obtain such reference intervals have focused on the types of statistics best used to calculate such a reference interval. These parameters then determine the number of individual specimens required to describe the reference interval with a high degree of confidence. Laboratories are mandated by the College of American Pathologists and the Joint Commission for the Accreditation of Health Organizations and Health Care Finance Administration to determine reference intervals for the populations they serve. Currently, NCCLS guidelines recommend samples of 120 individuals for parametric and 200 individuals for nonparametric interval determination. Very often it is not possible to obtain the suggested number of 120 individuals of a specific group to define a reference interval. In some cases, only 20 or 40 individuals in a particular group may be available for study, which is not an ideal population because of the potential for large errors in the resulting estimates. In our own experience, we found it virtually impossible to obtain sufficient numbers to determine the reference interval for the metabolism of the drug lidocaine into its metabolite methylxylidide because it was difficult to get volunteers who were both healthy and willing to have lidocaine injected into them. In addition, the actual cost per each individual test result was on the order of $100 or more for the test reagents. To use this assay to make life-or-death decisions in liver transplant patients, it was very important that we obtain reliable decisionmaking results with a limited number of test specimens. The question then arises as to the best statistical method to calculate the reference interval when limited sample numbers are available. The purpose of this presentation is to show the usefulness of robust statistical analysis for obtaining a good estimate of reference intervals with a small number of samples. In this presentation, we present the theoretical background for using this approach. We look at cases where 20 samples are available.
current approaches
There are two traditional approaches to the derivation of reference intervals. The first is nonparametric and is based on the sample quantiles. For example, if the (central) 90% reference interval is required, then the 5th and 95th sample quantiles are used. A better approach is to use the distribution-free quantile estimators described by Harrel and Davis [1] . This estimator is essentially a bootstrapped [2] version of the traditional sample quantile. The estimator of the p th quantile is as follows:
where I x (␣,␤) is the incomplete beta function and x (1) Յ . . . Յ x (n) are the observed order statistics. The Harrel and Davis estimator has been recommended as the nonparametric method of choice for the derivation of reference intervals [3] . Therefore, it is this version of the nonparametric method that will be examined in this study. The second approach to deriving reference intervals is based on transforming the data to achieve normality, computing the appropriate quantile estimators using normal theory, and back-transforming to the original scale. The transformation used in this study is described by Harris and Boyd [3] . Briefly, an initial transformation removes skewness:
This transformation was introduced by Box and Cox [4] . Here, the maximum likelihood estimator of , , is computed from the original x-data. If ͉͉ Ͻ 0.10, then the log(x ϩ c) transformation is used, and ĉ, the maximum likelihood estimator of c, is then computed.
Once the initial transformation is fit, a second transformation is derived to remove any remaining kurtosis. The y values in the previous equation are standardized to have zero mean and unit variance. Then a constant, K, is determined so that: z ϭ sign͑ y͒ ⅐ ԽyԽ K has kurtosis ϭ 0. The power of the transform that is actually used is (K ϩ 1)/2 [5] . The z-data are then tested for normality by using the Anderson-Darling statistic at significance level 0.15 [6] . If the null hypothesis of normality is not rejected, then the traditional normal quantile estimates are used on the z-data, namely:
where z and s z are the sample mean and SD of the z-data, and z(1 Ϫ ␣/2) is the appropriate standard normal quantile. Therefore, for a 90% reference interval, ␣ ϭ 0.10, and z(0.95) ϭ 1.645 are used. These two estimates are then back-transformed to the y-data scale and, finally, the original x-data scale. On the other hand, if normality is rejected, then the nonparametric (Harrel and Davis) reference interval is used. We end this section by noting that the reference interval can be viewed as a prediction interval based on the random sample X 1 ,. . . ,X n for the next observation, X nϩ1 . If the underlying population is normal, then the random variable:
has a Student's t-distribution with (n Ϫ 1) df. Thus, the appropriate (1 Ϫ ␣) 100% reference interval is equal to:
where t n Ϫ 1 (1 Ϫ ␣/2) is the appropriate quantile from a Student's t-distribution with (n Ϫ 1) df.
Clearly, for large samples the reference intervals defined in Eqs. 1 and 2 are approximately equal. The 90 -95% reference intervals defined by Eq. 2 are ϳ8% wider than those defined by Eq. 1 for n ϭ 20 and only ϳ1% wider for n ϭ 100. However, we will use the reference interval defined by Eq. 1 on the transformed data, even for small samples, because it is more prevalent in the clinical chemistry literature. We did examine the reference interval based on Eq. 2, as well as the interval based on the uniform minimum variance unbiased estimators of the quantiles. Neither of these performed well enough to replace the interval defined by Eq. 1 for this study.
robust prediction intervals and quantile estimators As noted in the previous section, the (1 Ϫ ␣) 100% prediction interval for the next observation, X n ϩ 1 given an observed random sample X 1 ϭ x 1 ,. . . ,X n ϭ x n has the form given by Eq. 2. Horn [7] pointed out that Eq. 2 can be written as:
In this way, the two components on variation are s 2 , the variance of the unknown observation X n ϩ 1 , and s 2 /n, the variance of x, the estimated center of the interval.
Horn [7] proposed a prediction interval replacing the three estimates, x, s 2 , and s 2 /n, by robust estimates of location and scale. Specifically, the (1 Ϫ ␣) 100% biweight prediction interval for symmetric populations is defined as follows:
where [8] . Briefly, T bi is the solution to the equation:
where
elsewhere
The term (u) may be rewritten as (c) ] based on the tuning constant, c. Because this variance estimate is essentially a standard error squared, it goes to 0 by order n. Thus, a reasonable estimate of spread is S(c) ϭ ͱ n times the square root of variance estimate of T bi (c).
The actual value used for s bi in the iteration of T bi is slightly different from that given above. We follow the modified formula given by Kafadar [8] . Specifically, s bi is computed by using the biweight function, (⅐), but with the sample median used for location and MAD/0.6745 (the median absolute deviation about the median) used as an estimate for scale. (The factor of 0.6745 is included so that MAD/0.6745 is consistent for in the gaussian case.) The s bi used in Eq. 4 is computed in the same manner; the only difference is the value of the tuning constant. For details, see Horn [7] and Kafadar [8] . Simple SAS code, which can be modified for most languages, is included in the Appendix to this report.
The tuning constant c 1 is set equal to 3.7, which means that, for the purposes of location estimation, observations are down-weighted (smoothly) the further they lie from the center (i.e., the current value of T bi in the iteration procedure). Any observations that are more than ϳ3.7 SD from the center get zero weight. The tuning constant c 2 , on the other hand, is a function of the value of the prediction interval
Ϫ1 for 0.05 Յ ␣ Յ 0.5. Thus, for 90% reference intervals, ␣ ϭ 0.10 and c 2 ϭ 28.4, and for 95% reference intervals, ␣ ϭ 0.10 and c 2 ϭ 205.4 [7] .
We intend to examine the performance of this robust prediction interval after the Box-Cox transformation to symmetry. Because it was designed to accommodate possibly heavy-tailed distributions, the power transform to remove any residual kurtosis is not required.
Another candidate for a robust reference interval uses the robust quantile estimator for skewed populations as its upper endpoint [9] . This quantile estimator is based on the robust prediction described above. The idea is to examine only data points greater than the sample median. Then a symmetric pseudo-sample is created by including all data points greater than the sample median and their pseudo-values that are equidistant less than the median. For example, if n ϭ 20, and the data are ordered x 1 Ͻ . . . Ͻ x 20 , then the median, M ϭ (x 10 ϩ x 11 )/2 and the symmetric pseudo-sample, is:
From this sample, the appropriate symmetric prediction interval is computed as before, and the upper endpoint is used as the upper limit (quantile) on the reference interval. See Horn [9] for details.
The analogous lower robust quantile is not used, because in most cases the underlying populations are positively skewed, and thus the median will be greater than the mode. Reflected pseudo-samples in these cases, although symmetric, will be indicative of underlying bimodal populations [9] . Thus, for the lower endpoint, we will use the nonparametric estimator (Harrel and Davis) because it also does not require transformation of the data.
simulation and assessment
To evaluate the four reference interval procedures (nonparametric, transformed, robust with nonparametric lower limit, and transformed robust), a simulation study was run. Random samples of size 20, 40, 60, 80, 100, and 120 were generated from each of four 2 distributions with df 1, 4, 7, and 10, respectively. The usual measure of performance is the root mean square error (RMSE) for each of the endpoints that constitute the reference inter-val. Specifically, the RMSE of the upper endpoints of a particular (1 Ϫ ␣) 100% reference interval, for example, is as follows:
where F Ϫ1 (1 Ϫ ␣/2) is the estimate of the true endpoint (quantile) F Ϫ1 (1 Ϫ ␣/2). This value is estimated via simulation by:
is the endpoint of the reference range derived from the i th random sample, and N is the number of random samples in the simulation; here N ϭ 1000.
The RMSEs of the lower and upper endpoints of 90% and 95% reference intervals are given in Tables 1 and 2 , respectively. For the upper endpoint of 90% reference intervals, the robust quantile estimator (untransformed) achieves the smallest RMSE, especially for smaller sample sizes and the more skewed populations (fewer df). However, it is essentially equal in performance to the transformed traditional procedure for n Ն 40. For the lower endpoint, the RMSEs of the two transformed procedures (traditional and robust) are about equal and slightly better than the RMSE of the nonparametric, which is also used by the untransformed robust procedure. For 95% reference intervals, however, the robust procedure is clearly best, especially for the smaller sample sizes (n Յ 40). For the larger sample sizes, the transformed procedures again are about equal, with the robust slightly better for the more skewed populations and the traditional (normal theory) procedure slightly better for the more symmetric populations (more df). For the lower endpoints, the transformed procedures again are about equal and only slightly (5-10%) better than the nonparametric procedure.
Traditionally, assessment of reference interval limits has focused on the RMSE of the interval endpoints as described above. This certainly makes sense if the interval endpoints are used as targets for treatment. For example, suppose the endpoint of the 95% reference interval for creatine kinase for middle-aged women is 192 U/L, as derived by a particular laboratory. Physicians who use this laboratory may evaluate their patients who have concentrations in excess of this value to determine the cause. In this case, clearly, the value of the endpoint of the reference interval itself is vital, and its accuracy (RMSE) is vital for assessment of a procedure. On the other hand, the reference interval is designed to include (or exclude) a specified percentage of the underlying population. It could be argued that, in fact, it is this percentage that should be evaluated. Specifically, we will now consider the RMSE of the percentage as estimated by the lower and upper endpoints of the reference interval. Here, the RMSE of the upper probabilities, for example, is as follows:
RMSE of probability
which is estimated from the simulation by:
(1 Ϫ ␣/2)] is the actual (unknown, in practice) proportion of the population less than the upper limit of the reference interval from the i th simulated random sample.
The RMSE for the lower and upper probabilities of 90% and 95% reference interval limits are not presented here because all procedures achieved roughly the same RMSE, although that of the robust upper probability limit was slightly smaller for n ϭ 20. One particularly interesting fact is that the transformed robust procedure, which appeared to perform poorly (especially for small samples) as an upper endpoint estimator, should do so well in terms of the RMSE of the probability. This phenomenon may be explained by the first few terms of the Taylor expansion of the mean square error (MSE) of the probability. Specifically, if we
, we get the following:
where f(⅐) ϭ FЈ(⅐), the underlying population density. If we examine only the first (nonzero) term of the Taylor expansion, we see that the MSE (and thus the RMSE) for the probability is proportional to that of its corresponding endpoint. However, the second term shows that the upper limit estimators, which are positively skewed with respect to the true quantile, will benefit in terms of MSE for the probability. This is because, in general, fЈ[F
Ϫ1
(p)] Ͻ 0 for the upper limits. (These results are not surprising because the probability contained between an upper quantile and a one-unit shift to the right is less than that of a one-unit shift to the left.)
Although rewarding upper limits that tend to be skewed toward larger values may be the conservative thing to do statistically (e.g., if we state "p% Ͻ x", we want at least p%), it could be disastrous in the context of a medical reference interval, where large values of the analyte in question are indicative of a possibly adverse health condition. To equalize the MSE loss, we introduce a factor to be multiplied by the difference {F[F i
(1 Ϫ ␣/2)] Ϫ (1 Ϫ ␣/2)} before squaring for those samples where
We will use as this factor the ratio of probabilities to the left and right of the upper quantile. Thus, for the upper limit, this factor on the true difference in probabilities will be (1 Ϫ ␣/2)/(␣/2), when the probability contained by the upper limit of the reference interval exceeds the nominal, target value. The same factor is used for lower limits when their true probabilities are less than the target value.
The weighted RMSEs of the probabilities for 90% reference intervals, where the above factors premultiply the differences before the squaring operation, are presented in Table 3 . Essentially, all of the procedures are equivalent, with a slight edge going to the robust approach for the most skewed population and to the transformed traditional approach for the others. One fact to note is that the transformed robust is worst for n ϭ 20, as it was for the interval endpoints. The results for 95% reference intervals are provided in Table 4 . In this situation, however, the robust procedure for the upper limit is clearly superior in every case. Of particular interest is that the robust method does very well compared with the other methods for larger sample sizes. This indicates that the robust upper limit is a reasonable procedure for large as well as small samples.
examples
As a first example, we examine the haptoglobin data as given in Harris and Boyd [3] . For these 100 values, the 95% reference intervals (i.e., the 2.5 and 97.5 percentiles) were computed. For each point estimator of a percentile, a 90% confidence interval is provided. The confidence interval for the transformed procedure made use of the formula, (percentile estimate)
where s x is the sample SD of the transformed data, N is the sample size, ␣ defines the quantiles of interest, and ␤ defines the confidence level of the interval for each of the point estimators [10] . In our case, ␣ ϭ 0.025 and ␤ ϭ 0.90.
The confidence intervals for the other methods were derived by using the bootstrap methodology [2] . Here, 200 samples were drawn with replacement (i.e., resampled from the observed data), yielding 200 reference intervals for each methodology. From these values, the observed 5th and 95th quantiles were used as a 90% confidence interval.
The results for the haptoglobin data are given in the top of Table 5 . All of the methods are reasonably consistent. The transformed methods have a lower quantile estimator about two units larger than that of the nonparametric. The confidence interval for the upper endpoint based on the bootstrapped robust method is ϳ1% tighter than that based on the transformation approach.
As a second example, we compute similar statistics for blood glucose concentrations (mmol/L) in samples obtained in our laboratory from 46 men, Ն80 years of age. The data are as follows: The results are given in the bottom of Table 5 . We note that, in this case, no suitable transformation to normality was found; therefore, only the nonparametric and robust procedures appear. From Table 5 , we see again that the upper quantile estimator provided by the robust procedure is tighter than that of the nonparametric. Note that the confidence intervals of both upper quantile estimators lie entirely in the range defined as diabetic (Ͼ7.7 mmol/L or 1.4 g/L) by the American Diabetic Association [11] . outlying observations
Until now, we have assumed that all of the data come from a homogeneous population and that any large aberrant values are also part of that population. However, in practice, real data are subject to contamination from a variety of sources, such as human error or the presence of disease in an individual. Simulation results for the upper limit of 90% and 95% reference intervals in the presence of outliers are given in Table 6 . In this case, the outliers comprise 5% of the sample, and they are derived by multiplying a valid observation by a factor of 5. Except for a few isolated cases, the robust methods are best with respect to RMSE for the upper interval endpoint; the transformed robust method is slightly better for n Ն 60. All of the methods "broke down", however, in the sense that their RMSEs were at least an order of magnitude larger than those with uncontaminated data (Tables 1 and  2 ). Nevertheless, the robust methods were more resistant.
(Note that, although the RMSEs generally decrease as the sample size increases, the decrease is not exactly monotone, as was the case without outliers. This is because the contamination of the samples introduced more noise to the simulation.) The use of outlier detection is not routinely recommended for reference interval analysis because large values from a skewed population may be mislabeled as outliers [11] . However, for completeness, Table 7 presents results based on the same data as Table 6 but with a simple outlier detection method on the original data; any value Ͼ3.5 SD away from the mean is ignored. One thing is clear from Table 7 -the drastic improvement of all the methods. Nevertheless, the robust method maintains its superiority in virtually every situation.
Although not presented here, results for the weighted RMSE of the upper probabilities do not contradict the above results. Without outlier detection, all methods are essentially the same, with the robust method having a slight advantage for the most skewed population. With outlier detection, all methods improve, but the robust method becomes clearly the best in every situation.
Discussion
The need to derive reference ranges from samples where the number of observed data values is small, for example, 20 Յ n Յ 60, clearly exists. We show by the simulation study presented here that the RMSE calculated by the robust quantile estimator was the smallest for upper endpoints calculated on small sample sizes. However, when evaluating the upper and lower probabilities for the 90% and 95% reference intervals, we showed that the losses in over-vs underestimating should not be treated symmetrically. To equalize the MSE loss, a weighting factor was introduced. In this case, the robust statistic was superior for estimating the upper limit of the 95% reference interval and about equal to the transformed traditional interval for estimating the 90% reference interval. When real serum haptoglobin data were examined in this fashion, the robust estimator of the 97.5 percentile limit was smaller than that of the nonparametric estimator and comparable with the estimator based on transformation. A second example, using glucose data from 46 elderly men, showed a similar result. Thus, it is reasonable to propose that robust estimators can provide relevant reference intervals when only small numbers of samples are available. Furthermore, if it is suspected that outliers may exist, then the robust method should do as well as, if not better than, other methods, whether or not outlier detection is used. However, because none of the procedures did particularly well when confronted with severe contamination, we cannot overstate the importance of ensuring the quality of the data and the data collection process when determining reference intervals.
In summation, we recommend that nonparametric, robust, and normal theory (on transformed data) reference intervals be computed in practice. If the methods are in agreement, then any one will do reasonably well for 
